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Today Topics

+ Chapter 11 Numerical Differentiation and
Integration

- Derivative Approximation
- Forward, Backward, Centered Difference
* High Order Derivative
- High Accuracy Approximation
- Integral Approximation
» Polynomial
- Zero Order
- First Order (Trapezoidal)
- Second Order (Simpson 1/3)
- Third Order (Simpson 3/8)
* More Accurate Method
- Richardson Extrapolation




9.2 Tavlor’'s Theorem
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Slope of Line

m=slope = tan 0




Definition of Derivative

+ Derivative of fA(x) at any point xis the slope
of the tangent line at that point (x,Ax))

* Mathematically

Derivative of f(x) —A||mO iy _Alimo f(X+AAX)— f(x)
X—> X X—> X

* For function y=f(x), derivative of function is
written in many forms

dy (read 'dee-ydee-Xx")or y




Approximation of slope at point x
using secant line

o Slope at ‘X’ = [f(x+AX) - f(X)] / AX = Ay | AX

As Ax approaches 0,
we have Ay/AX
approach a true slope




Derivative(Forward)
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Derivative(Central)
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Finite Divided-Difference
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Finite Divided-Difference
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Tme Denvative
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Finite Divided-Difference
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Second Derivative
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Second Derivative
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High Accuracy Finite
Divided-Difference
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High Accuracy Finite
Divided-Difference
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Numerical Integration

Newton-Cotes Integration Formula
» Zero-Order Approximation
First-Order Approximation

- Trapezoidal Rule

Second-Order Approximation

- Simpson 1/3 rule

Third-Order Approximation

- Simpson 3/8 rule

Romberg Integration
- Richardson Extrapolation
- Romberg Integration Algorithm




9.4 Newton-Cotes Integration Formulas
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Zero-Order Approximation

9.4.1 Zero-Order Approximation
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Zero-Order Approximation
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Zero-Order Approximation
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First-Order Approximation
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First-Order Approximation

9.4.2 First-Order Approximation: Trapezoidal Rule
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First-Order Approximation
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Trapezoidal Rule
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Trapezoidal Rule
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n / e, %
1 0.8 0.1728 89.5
2 0.4 1.0688 34.9
3 0.2667 1.3695 16.5
4 0.2 1.484% 9.5
35 0.16 1.5399 6.1
6 0.1333 1.5703 4.3
7 0.1143 1.5887 3.2
8 0.1 1.6008 2.4
9 0.0889 1.6091 1.9
10 0.08 1.6150 1.6




Second-Order Approximation
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Second-Order Approximatio \
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lun38iuea Multiple Application A8t 11199801JU 17 Segment 33917 X, X, ..., X, HAzAT=IN21903

y
o 1 [ 1 ar  =A
Integration 3% 1A31nHAsWUBIA 523N 1UIA Ay Segment AT

[= _[‘f‘ff(x)dv + [f‘ff(x)d«f foet _[f“"'q F(x)dx

L)) S)+ 41(5)+ £

+...+2h-

f(x, ) +4f(x, )+ f(x,)
6

1 D [T
a3 32 I8NLS 1]1‘;3]

n-1 n-2
fO)+4 Y fx)+2 3 fi)+ /(%)
I= (f? —a) GRS AR : Simson’s 1/3 Rule
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Second-Order Approximation{y

lun3alue3 Single Segment %14 1 Ervor 194 Simson’s 1/3 Rule 128nT17n59:454 ug azwuToglu O(h’)
ey O(h™) uaziiladevdu O(h’) 194 Trapezoidal Rule 9=An3131A 31 Exror 1zagluiduaiiazoen
o g ‘ o o 1 =t o o
M15A119z liinan Ejﬁﬂliﬂ]ﬂﬁf}ﬂ"lﬂ Textbook) (Note: @113 Multiple Segment A1 Error 11l O(;?J') AREERT

Simpson’s Rule ey O(h*) #1115 Trapezoidal Rule 1A mua%13[a,b] linsd)

=) ey e, _(b-a)
r 7380 —o /() Qﬂf (&) A >

o =t 1 1 ‘ =1 l E 1

lagn & UMagizvINg a llaz b wazluniaives Multiple Application Simpson’s Rule f11 Error #11791nN15593A1 Error
) ' ) 3

luugaz Segment N911A 71 Segment LUAZAURAYVDI Forth Derivative 112911 A4

- (b-a) —w
1800 /

Y = 1 1 --_9‘,:I 1=k . 1
11939970 Simson’s 1/3 Rule 113131921311411A Second Order Estimate 4113133 A1) Error 111809 Third Degree
Y

= 1 1 W s = :? 2 aodaas g =
Estimate(Simpson’s 3/8 Rule fl3zna1ide 1)) dsluaznuisiidiintenliniaa

§“"




\

q @ ) o 1 a 1
Example 9.7 19 Simson’s 1/3 Rule A8a1 7 = 4 sz Integral U8

£(x)=0.2 +25x — 200x> + 675x> —900x* + 400x°

o
Tux1991n g = 03un3d = 0.8 1ATTUAIMINAT True Error /
Answer:
51 n=4.h=02 .

£(0)=02, £(0.2)=1.288, 7(0.4)=2.456. 7£(0.6)=3.464, £(0.8)=0.232
0.2 +4(1.288 +3.464) + 2(2.456) + 0.232

12
E =1.64053334-1.62346067 =0.01706667, e =1.04%

=038 —1.62346667




Third-Order Approximation
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Third Degree Approximation

3141981995413 1% Parabola 138 Second Degree Polynomial 311111151/ 3523119#01 Tntegral 114 Simpson’s 1/3

Rule(3 1418) 1/5outfisnfiunms 19 Third Degree Polynomial 114 Simpson’s 3/8 Rule(31/4121)




Simson's 3/8 Rule

9.4.4 Third-Order Approximation: Simpson’s 3/8 Rule

¥
G =t =t q & 1
1un3131 13119 Third Order L agrange Polynomial 1 15 zinaa Integration

I= [ f(x)dv= [ f,(x)dx

=na=h 3/

) e s :: 1 Ir o 1 LE | a7 LE
AR g InnN I3 EﬂEJﬂHﬂ']_|°||'“|'ﬂif1ﬂl']11-:|‘|’i'qﬁ]ﬁ]ﬂﬂ1—_| FRGRIAE ﬂLLﬁﬂﬂﬂ'ﬂﬁMﬂ’lﬂJH‘_'I_I‘I.J_’Elgﬂugﬂ

I = %h[f(x‘ﬂ) + 3f(x1) + 3f(x‘2 ) + fl:*fj)] : Simson’s 3/8 Rule




Example 9.8 1% Simson’s 3/8 Rule 111515230181 Integral V84
f(x)=02+ 25x - 200x" + 675x" — 9001: +400x
Wug997 @ = 093@35 = 0.8 1AL LIRA True Error mﬂumﬂiﬂumﬂuﬂuﬂhl’ﬁ Simson’s 1/3 Rule
@13A78 Simson’s 3/8 Rule 50 1unsal mﬂli ’Il!.‘l.l»fllﬂ‘u 5 Segment

Answer:
=t i . ) 1 o El
13999 Simson’s 3/8 Rule 5y ailu 4 Segment uaz 19

£(0)=02, £(0.2667)=143272428, £(0.5333)=3.48717696, f(0.8)=0.232
0.2 +3(1.43272428) + 3(3.48717696) + 0.232

8
E =1.64053334-1.51917037=0.12136297, e =7.4%

=08 =1.51917037




Romberg Integration

: sy sy ! . q¥n ¥

Tunsmig 13 Function N3 1A0IN13HIAT Integration 1318713130U1 Trapezoidal Rule 38 Simson’s Rule 3114 19
T =t Y =t Y P = = M o =i 1 - e = 9
1AgN13ULIFINADINETAUNADING BIB1VUAEN 1T 01U Segment 3371 A1UD3 Integral TERR ZENONABDINN
:%J |n-_9‘,:I I = af 1o q Vo I 4 =& I ar } o -=:. o
VY 0813 lsnaua st lianas 1as 089 IUDIIAHUINA Error NAVIZFIVU UUAD Limit NONNIHIUA

-7 1 ==l d'i' -'f
15 vAaz7% F911pa1191n Round OFf Error

1ngiuaaans walssuidieuat Eror AAADI 1191483 Segment N11F 534913 Trapezoidal Rule uay Simpson’s
2 5 1 3 1
1/3 Rule 9849 Function f (x) = 0.2 + 25x —200x” + 675x° —900x" + 400x° Tuy3daus x = 0 audsx = 0.8

ar 2l 1 -::. =y 1 ==t o =1 =y =: 1 =l s ._'
928310 1A71A1 Limit Y93 Precision A 1uu@az 15 uazdwiu Segment NANTAVDILAAZID 91193311910 Round Off

a
Error U 13131191




-E

f_‘

i

2

i

nt relative error :

 Trueperce

i
i

o

B




Romberg Integration

E a1 4w 3 3 o A ¥ g amaa P i
Tunsalwuil D AIMsANEnAesa) tInduiazaeslyisoulumstszanum ¥3 Romberg Integration
= = d'i'-z:.g g Ay Y=t = _:U -] . . 3:\:\” o =i o . - B q o
Wumatanizaniiunly1laa Iaal¥n1591 Trapezoidal Rule ¥iana9)a3 saanon gy Algorithm MIAIMINIZ 1Y
¥

1
o =i g

3!
ﬁug 1W131NI5V94 Richardson Extrapolation 1um3f19@ Error 115 VIEazA5 NN AININ

= i :'!1' sl :: =A d%' = -=w-=l.4=: s =yl 1 s =
aNIENHIADITNG BN Gauss Quadrature TIUUITNUTVIN91NI5U09 Newton-Cotes Formula LHUAM 116 15

WNIAMEMIUMIMANEAzFNANN LAglMsaonAuHE e ATt AU 135335V Gauss
3
=4

T 2 - 3 : Ey o ar
Quadrature 9z liinany lugudl fmanlvasodny 109108151093 Numerical Method 17 11/

U




Romberg Integration

9.5.1 Richardson’s Extrapolation

=nat q o=t 1 o =4 = o oar ::
151139943 Richardson’s Extrapolation 92193573 U9IM5 Estimate A1 Integral @930 uazinIsumeuAUaun

' v R < = . -
&13 11931140 19 Error TENAYM F3A1 Error NNAINATIN Multiple Application U84 Trapezoidal Rule §13130l 08U 11 gj‘lJ
y

I=1(+E(h)

1
=1

e ;: 2 1 Y o= 1 =: a o =
Iagn I 061 Integral 1234, J(A) Aoa1iz1nao4 Integral 1109107015911 72 Segment e h = (b —a)/n
=1 -::. = - c?:! ol o r_g:l o q 1 1 1 ar
waz E (/) 111 Truncation Error fitha A1 113191115 Estimate #93A33 laglyyiavahivhidu As A, uaz i, 151
GRERERITELT

I=1(h)+Eh)=1(h)+E(h,)

= [ L o 1
INNNATIINLATINAT Estimate Error 91NN1391 Multiple Application 193 Trapezoidal Rule 1z88 Ty %ﬂ

_ (b - a)j o
’ 127 4

SV




Romberg Integration

a4 1 1 =
diaunua1n = (b —a)/h 13114 Estimate Error 111

E - b—a
12

n

a

¥
dariy 151ag1 189 Sa1au5 e 1113 Ervor 919809 Estimate 2z iiadszananiy

E(h) N I
E(h) I

E(h)~ E(h, )( i J

2

uazilaunuminduadluaums@y u'ld

I=1(h)+E(h)~I(h)+E(h, (f’l]

I




Romberg Integration

4w = g 1 1 E
waztladaEsaaums il Wieva E(h) 151azla

E(:I??) ~ I(;?l) —I(}Ei)
o 1=/ hy)

¥
o 1w 1 a ‘ oo = =f
waziheda 51N eiAdina 135l ans Estimate luassiaas 1

]
(h,/h,) -1

I:I(}sz)JrE(ifz)tf(hg){ }[f(;?z)‘f(hl)]

q 9 2 ORI PRI, g 2w
s nnsauaadliimy 1A a1 Ercor 11 10219013 Estimate #3) O(;?d') F¥alaanmssy Trapezoidal Rule @84

o 1 o o=t 2 oo o [ :!:: qQ 1 1 1 o :: 2 :: i
du udazdull O(h”) Widreiu lunsaiinliszexiawaudazyanii i safivinzauden h, = i /2 uazauns

F13uuazily

1
2° -1

I~ I(h) + ——[I(h) — I(h)] = 2 1(h) L 1)




a

Example 9.9 911 Function CHESIEE SIS I RER LR Trapezoidal Rule Tne 193584 Error Correction N351AdA
f(x)=02+25x—200x" +675x" —900x" + 400x’
Tug199n @ =0aunsb =0.8

Answer:
¥

Ty @T’Jﬂtllwﬁﬂuf] 131911 Single Application !18z Multiple Application Tagld Trapezoidal Rule U84 Function U

= g |
) Fanaaglluas e

Segment h Integral e, %
1 0.8 0.1728 89.5
2 0.4 1.0688 34.9
4 0.2 1.4848 9.5

11m3 Estimate 910 #il31azd0q Segment 137114
I~ i(l.UﬁBS} —%(0. 1728) =1.36746667
2 2

E =1.64053334-1.36746667 = 0.27306067, e, =16.6%

B



Romberg Integration

1135 Estimate 910 Hil31Az A0S Segment 157118

I~ %(1.0688) —%(U. 1728) =1.36746667

E :h1.64053334h—1.36?46667 =0.27306667, e =16.6%
S MIUMS Estimate 910 doauaz Segment 151161

I~ %(1 4848) —%(I 0688) =1.62346667

E, :h1.6405:>334h—1.62346667 =0.01706667, e, =1.0%




Romberg Integration

35115994 Richardson’s Extrapolation a1315031131911d0 1aglns Estimate 11411 O(4F) inanaudass
o " G 1=t . ! - jll =t W G == G 1 | 1 1 o
1 91911113 Estimate Tnsidnviy a9z linwgnaedavulfenlu O(h°) Tunsdiildmszexriaudazyanieg iy

‘5% 1 jﬂ q ¥ = .='!1' d%' s = = g I T
3015 Estimate udiazAs 131159110983 Step a3 svitsvasdudy aumsves O(h°) annsafigaillahedlugi

Ry
15" 15"

Taefl I A9AIN5 Estimate ignAos1nnd1 uay 7, Aon13 Estimate Agnaososnii(14 Step Size vinalugindniludos

1 [ o =1 ar W o 1 =x -=':.-=l. o =i al I
W) Twihuesdenuausninae lan Taenssiaed Estimate N13) O(hﬁ’) 15192 1AA1 Estimate ﬂnm’ujg}ﬂmmlm

o o o =t = 1 ar =
O(h®) vazamnsauaaaduaumsd i unsan Step Size A i

fg::ﬁ _i J

63 " 63




Romberg Integration

\

Example 9.10 1aa0a1%n15 Estimate 1y O(7°) dmiivdeyaludindian 9.9 uaznlSaudion Eror h

Answer:

- 16 1 16 1 _
G1la 1 ~—1 ——1I =—(1.62346667)——(1.36746667) =1.64053334
15 15 15 15

bl '
Funadlunsditin lddneufigndesdadaautivd Ay 9 van




Romberg Integration

= 1 ‘ a A ‘ ar 1 . g i-'-:vu:'%l 21 o w 1 o o q % 1
nnnnanluivenay lumidivydiamves ntegration THATMT e @1 TLIAAY Step FIMTUMT ¥52 8211

| 40w g 4 3 . g —— 5 :
wdaz AT Al waziuas wiauns Step nouning Fustannsadeuduannisiall1dlugilves

g

AR-1
I =~ 4 ‘T;+1,k-1 -1, !
kT 4)1’—1 —1

=l =1 1 . =t al 1 al al 1 o o -:ItL L af -=v%lI 1 1 2
loef 1, , uaz 1, A9A1 Integration IYNADININNI LAz YNABINBEND AINEIAY Tl laneunthil a1, , Ao
a1 Estimate 83 1131 Taefidio & = 115714 Trapezoidal Rule 1@y, @3 & = 2 13N8839M3 Estimate o1 1nsindlu O(h%)
a g 1 2 o 1 . 4 1
uaz k =3 flems3 Estimate il O(h°) uazde 1Goes drisvsr j 14iiauansnannunand1a9ean3 Estimate @04
¥

AsatiaMugndaannd1 (j + 1) uazdosndi (7) ¥9an13 14 Trapezoidal Rule 153910 Single Segment Application, 2

Segment, 4 Segment L!.azﬂl’E]Llﬂﬁ’E]EJf]




Romberg Integration

o) o) o(h®) O(h*)

(IT=1)  0.17280000 = 1.36746667
1.06880000 —

(IT =2) 0.17280000 1.36746667 —* 1.64053334
1.06880000 —— 1.62346667 —

148480000 —

(IT =3) 0.17280000 1.36746667 1.64053334 ? 1.64053334
1.06880000 1.62346667 ? 1.64053334
1.48480000 ——=% 1.63946667

1.60080000 =

nngildiauu danadr 7, , 1adnandeaudluszdv 9 Significant Digit uazilouSeudisnAuinis@y a1n
.-u,ﬂ.-h.:'{, q ¥ 1 aici:y 1 . , . ¥ .9,15;1 = oo . o _ )
sUnsliuaaslignauntind wu Simpson’s 1/3 Rule 1991904 256 Segment 719z 1AA1 Estimate 111 1.64053332 uaz
) g"l 1 ) ) g"l
15192 il 1AA1NAN 1171194311910 Round OFf Error Tzl Romberg Integration 1AA1MgNA83(a 9 van) lagladiugi

AMITIAUVDY 1, 2, 4, 11z 8-Segment Trapezoidal Rule
N



Summary

Data Points

Required for Data Points
One Required for Truncation Programming
Method Application 11 Application Error Application Effort Comments
Trapezoidal 2 n+1 ~ P (& Wide Easy
= C -
Rule tf (‘:‘ )
Simpson’s 1/3 3 In+1 ~ ] 5 p( )y e Wide Easvy
= — L -
Rule f (‘:‘)
Simpson’s 1/3 Jord ~ 3 ~ ] 5 p(4) e Wide Easy
= = — i ( ;
and 3/8 Rule f (‘: )
Higher-Order 5 or More N/A . Hr 7 p(6) ¢ g Rare Easy
g = h - ;
Newton-Cotes f (b )
[ L . =
Romberg 3 Requires Moderate ity M TN
. =l
Integration f(x) Be Data 1111
Known A1513
L5 L o
Gauss 2 or More N/A Requires Easy 11]th{13ﬂll
- =l
Quadrature f(x) Be Data #1111
Known A1 14

e ¢



Homework 10: Ch 11

- Download HW

* Next Week
- &9n151hu HW 10
- Chapter 11 Solutions of ODE
- HW 11 (Option)

A@‘
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